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ON SPHERICALLY SYMMETRIC FINSLER METRIC WITH SCALAR
AND CONSTANT FLAG CURVATURE
NEWTON SOLO´RZANO1 AND BENEDITO LEANDRO2
Abstract. In this paper we study spherically symmetric metrics on a symmetric space
in Rn with scalar and constant flag curvature and we also obtain families of this type
of metrics. Many explicit examples are provided for Douglas metrics with scalar and
constant flag curvature. Furthermore, new examples of projectively flat Finsler metrics
are given. We also provide a family of spherically symmetric Finsler metrics which are
not of Douglas type.
1. Introduction
Finsler metrics are more general than Riemannian metrics since the tangent norms do not
need to be induced by inner products. Then it is natural to study Riemannian properties in
Finsler geometry. The Riemannian sectional curvature in Finsler geometry is given by the
flag curvature K(P, y) defined by (cf. [4]):
K(P, y) :=
gy(Ry(u), u)
gy(y, y)gy(u, u)− [gy(y, u)]2 ,
for a tangent plane P ⊂ TxM containing y, and u ∈ P is such that P = span{y, u}.
A Finsler metric is said to be of scalar flag curvature ifK(P, y) = K(x, y) and is said to be
constant flag curvature if the flag curvature K(P, y) = K is constant. Many researchers are
interested in classifying and look for Finsler metrics with scalar and constant flag curvature.
Till now, some progress was made. In [1], the authors provided a local classification theo-
rem for Randers metrics, while in [20] and [16] they studied some class of (α, β)-metrics with
constant flag curvature, and in [18] the author obtained some non-projectively flat Finsler
metrics of scalar (resp. constant) flag curvature for some class of general (α, β)−metrics.
The Hilbert’s Fourth problem claims to classify metrics with the property that their
geodesics are straight lines. In Finsler Geometry this problem is equivalent to looking for
projectivelly flat Finsler Metrics in an open domain U ⊂ Rn. A Finsler metric F is called
Locally Projectively flat if at any point p ∈ U , there is a local coordinate system (xi) in
which F is projectively flat.
For Riemannian metrics, Hilbert’s fourth problem is solved by the Beltrami’s theorem,
which states that a Riemannian metric is locally projectively flat if and only if it is of
constant sectional curvature. It is well known that every locally projectively flat Finsler
metric has scalar flag curvature. However, the opposite is not necessarily true. There are
Finsler metrics of scalar flag curvature, which are not locally projectively flat (cf. [1]). In
[18], the author showed that a class of general (α, β)−metric has scalar flag curvature if and
only if it is locally projectively flat.
The Douglas curvature introduced by J. Douglas in 1927 [5] is very important in Finsler
geometry because it is a projectively invariant. Namely, if two Finsler metrics F and F are
projectively equivalent, then F and F have the same Douglas curvature. Finsler metrics
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with vanishing Douglas curvature are called Douglas metrics. The class of Douglas metrics
contains all Riemannian metrics and the locally projectively flat Finsler metrics. However,
there are many Douglas metrics which are not Riemannian. There are also many Douglas
metrics which are not locally projectively flat [12].
There are many important examples of Finsler metrics such as Funk Metric, Bryant’s
metrics, Chern-Shen’s metric, which satisfy
F (Ax,Ay) = F (x, y)
for all A ∈ O(n). This type of metrics is called spherically symmetric and was first studied
by Rutz [14]. It can be expressed by (cf. [6, 7, 21]):
F (x, y) = |y|φ(|x|, 〈x, y〉|y| ),(1.1)
where φ(r, s) is a positive real function such that
r := |x|, s := 〈x, y〉|y| .
Here, | · | and 〈· , ·〉 are the Euclidean norm and inner product respectively. Note that the
spherically symmetric Finsler metrics are a class of the general (α, β)−metrics.
The geodesic coefficients of spherically symmetric Finsler metric are given by (cf. [6, 19]):
Gi = |y|Pyi + |y|2Qxi,
where
Q :=
1
2r
rφss − φr + sφrs
φ− sφs + (r2 − s2)φss , r := |x|, s :=
〈x, y〉
|y|(1.2)
and
P :=
rφs + sφr
2rφ
− Q
φ
[
sφ+ (r2 − s2)φs
]
.(1.3)
It is important to point out that Bryant et al. [3] provided a complete study of spher-
ically symmetric Finsler surfaces of constant flag curvature. Moreover, in [15] the authors
improved the results obtained in [11] for metrics in Rn, and then they proved some new
examples of spherically symmetric Finsler metrics with constant flag curvature.
To state our results, we introduce the following notation. For a positive smooth function
φ = φ(r, s), let
R1 := P
2 − 1
r
(sPr + rPs) + 2Q[1 + sP + (r
2 − s2)Ps],
R2 := 2Q(2Q− sQs) + 1
r
(2Qr − sQrs − rQss) + (r2 − s2)(2QQss −Q2s),(1.4)
R3 :=
1
r
([
(r2 − s2)2Q− 1] rPss − sPrs + Pr + r2Q(P − sPs)) ,
where Q = Q(r, s) and P = P (r, s) are given by (1.2) and (1.3), respectively.
In this paper we study the system of partial differential equations obtained in [15], [11]
that describes spherically symmetric Finsler metrics with scalar and constant flag curvature.
Contrasting to results obtained in [8, 11, 6], which studied Douglas metrics and obtained
examples, we provide a family of functions that can define Finsler metrics with scalar flag
curvature, but not of Douglas type. Furthermore, we obtain new examples of Douglas
metrics with scalar curvature K(x, y) and consequently examples of projectively flat Finsler
metrics (see Section 4 right down below).
Also, the classification of Douglas metrics with constant flag curvature (or locally pro-
jectively flat) that we present suggests a method able to build new examples (see Remark
before the Theorem 4).
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In Section 3 we prove a classification for some families of Finsler metrics (not Douglas)
with scalar flag curvature (see Theorem 1). Moreover, we provide a classification for the
Douglas metrics with scalar flag curvature (cf. Theorem 2) and with constant flag curvature
in Theorem 3. It is important to emphasize that we use the characteristic method to prove
our main results.
Let us establish some additional notation before announcing the main results. For some
g = g(r) differentiable function, we define:
T (r) :=
e
− ∫ 4rg(r)
1−2r2g(r)
dr
(1− 2r2g(r))2 and T (r) = 4
∫
g′(r) + 2rg2(r)
1− 2r3g(r) T (r)dr.(1.5)
Here, Mns denotes one of the following symmetric subsets of R
n: B(ν) = {x ∈ Rn ; |x| < ν} ,
B(ν1)\B(ν2) or Rn, where 0 < ν < +∞ and 0 ≤ ν2 < ν1.
Our first theorem provides a family of Finsler metrics (non Douglas) which are of scalar
flag curvature.
Theorem 1. A spherically symmetric Finsler metric satisfying (1.1) in which
φ(r, s) = sh(r)− s
∫
η(ϕ(r, s))
s2
√
r2 − s2 ds,(1.6)
where η, h are arbitrary differential real functions, k constant and
ϕ(r, s) =
r2(k
2+1)(r2 − s2)e2k arctan
(
k− (1+k2)s√
r2−s2
)
k2s2 − 2ks√r2 − s2 + r2 ,(1.7)
is of scalar flag curvature. Moreover, when k = 0, then F = |y|φ(r, s) is projectively flat.
Theorem 2. Any spherically symmetric Douglas metric with scalar flag curvature on Mns
(n ≥ 3) is given by (1.1), where
φ(r, s) = s
(
h(r)−
∫
η(ϕ(r, s))
s2
√
r2 − s2 ds
)
and ϕ(r, s) =
r2 − s2
(r2 − s2)T (r) − T (r) ,(1.8)
with φ satisfying (1.4). Here h and η are arbitrary differentiable real functions such that
−√r2 − s2
s
∂η
∂s
> 0 and
η√
r2 − s2 > 0.(1.9)
In [11] Mo and Zhou proved that a Finsler metric satisfying (1.1) is of constant flag
curvature K if, and only if, R1 = Kφ
2 and R2 = R3 = 0. Then, Sevim et al. developed
these result (see Theorem 4), and showed that these three equations can be reduced to
R2 = R3 = 0 (cf. [15]).
Let g(r), h(r) and η(ϕ) be smooth real functions, considering R2 = R3 = 0 we can express
P = P (r, s) and Q = Q(r, s) by (see the proof of Theorem 3):
Q(r, s) = g(r) +
g′(r) + 2rg2(r)
r − 2r3g(r) s
2 and P (r, s) = s
(
h(r) −
∫
η(ϕ(r, s))
s2
√
r2 − s2 ds
)
,(1.10)
where
ϕ(r, s) =
r2 − s2
(r2 − s2)T (r) − T (r) .
Here T (r) and T (r) are given by (1.5).
Remark 1. Note that P given by (1.10) is equal to φ in (1.8) because these two functions
must satisfy the same equation (see the proof of Theorem 3).
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Moreover, we define U = U(r, s) by
U(r, s) =
(r2 − s2)(sPs − 2P )− s(1 + sP )
(r2 − s2)(2Q− sQs)− sP − 1 .(1.11)
This function satisfies the following identity:
s
[
sUr + (1− (r2 − s2)2Q)rUs
]
= r
[
1 + (r2 − s2)2(sQs −Q)
]
U
+2r(r2 − s2)(sPs − P ).(1.12)
Inspired by [15] and [11], we get the next result, which ensures a new method to obtain
the results provided in [18].
Theorem 3. Any spherically symmetric Douglas metric with constant flag curvature on
Mns (n ≥ 3) is given by (1.1), where
φ(r, s) =
√
r2 − s2 exp
(∫
U(r, s)
r2 − s2 ds
)
(1.13)
such that U = U(r, s) satisfies the condition (1.12),
φ(r, s) − sφs(r, s) > 0 and φ(r, s)− sφs(r, s) + (r2 − s2)φss(r, s) > 0.(1.14)
Theorem 3 gives us a method to provide examples of Finsler metrics with constant flag
curvature: 1) Designate h(r), g(r) and η(ϕ), and establish P and Q by (1.10). 2) Prove
that (1.12) holds (or provides conditions for the existence of the three functions in step 1
using (1.12)). 3) Define φ(r, s) by (1.13) and then verify that (1.1) is a Finsler metric (it
is an example of Douglas metric with constant flag curvature). 4) Make sure that P and
φ satisfy the same equation (see Remark 1), then define P (r, s) := φ(r, s) , where φ(r, s) is
given in step 3. 5) Repeat steps 2-4. We will use this to construct an example further on
(see Example 10).
The following theorem prove the curvature for the metric (1.1) presented in Theorem 3.
Theorem 4. The curvature K of the metric given in Theorem 3 is given by
K =
R1
φ2
.
Note that if K 6= 0, by Theorem 2, Theorem 4 and Lemma 5 (see below), we have another
way to calculate φ(r, s).
Corollary 1. Let F = |y|φ(r, s) be a spherically symmetric Douglas metric on Mns ⊂ Rn
(n ≥ 3) with constant flag curvature K 6= 0, then
Kφ2 = P 2 − 1
r
(sPr + rPs) + 2Q[1 + sP + (r
2 − s2)Ps]
where P = P (r, s) and Q = Q(r, s) are given by Theorem 3.
2. Background
Let M be a manifold and let TM = ∪x∈MTxM be the tangent bundle of M , where
TxM is the tangent space at x ∈ M . We set TMo := TM \ {0} where {0} stands for
{(x, 0)|x ∈M, 0 ∈ TxM}. A Finsler metric on M is a function F : TM → [0, ∞) with the
following properties
(a) F is C∞ on TMo;
(b) At each point x ∈M , the restriction Fx := F |TxM is a Minkowski norm on TxM .
Finsler metrics defined on Mns satisfying
(2.1) F (Ax, Ay) = F (x, y)
CONSTANT FLAG CURVATURE 5
for all A ∈ O(n) are called spherically symmetric, or orthogonally invariant (cf. [17]). Such
metrics were first studied by Rutz in [14].
Before the demonstration of the main theorems, we collect some useful results. We start
with a proposition first observed in [10].
Proposition 1. Let f(r) and g(r) be smooth functions on I ⊂ R. The general solution of
the transport equation[
1− (r2 − s2)(2g(r) + f(r)s2)] rψs(r, s) + sψr(r, s) = 0,(2.2)
is given by
ψ(r, s) = η
(
r2 − s2
(r2 − s2) ∫ 2rfe∫ 2r(2g+r2f)drdr − e∫ 2r(2g+r2f)dr
)
,
where η is any smooth function on R.
In [5], Douglas introduced the local functions Dj
i
kl on T Bn(ν) defined by
(2.3) Dj
i
kl :=
∂3
∂yj∂yk∂yl
(
Gi − 1
n+ 1
∑
m
∂Gm
∂ym
yi
)
,
in local coordinates x1, ..., xn and y =
∑
i y
i∂/∂xi. These functions are called Douglas
curvature [5] and a Finsler metric F is said to be a Douglas metric if Dj
i
kl = 0. In [10], the
authors proved that a spherically symmetric Finsler metric on Mns is Douglas type if, and
only if, there exist functions f = f(r) and g = g(r) such that,
Q = g +
s2
2
f.(2.4)
Note that F = |y|φ(r, s) is projectively flat if, and only if, f = g = 0.
Let Rj
i
kl denote the Riemannn curvature tensor of the Berwald connection and R
i
k =
Rj
i
kly
jyl. Now, it can be demonstrated that a Finsler metric F on a manifoldM is of scalar
flag curvature K = K(x, y) if, and only if,
Rik = K{F 2δik − gklylyi}.
Lemma 1. [11, 8] Let F = |y|φ
(
|x|, 〈x, y〉|y|
)
be a spherically symmetric Finsler on Ω, then
the Riemann curvature tensor Rij is given by
Rij = R1(|y|2δij − yiyj) + |y|R2(|y|xj − syi)xi +R4(|y|xj − syj)yi,
where R1, R2 and R3 are given by (1.4), and
R4 :=
1
2
{3R3 − [R1]s} .
It is well known (cf. [9]) that a Finsler metric has vanishing Weyl curvature if, and only
if, it has scalar curvature. Using this result, the authors in [8] presented the next lemma.
Lemma 2. [8] Let m ≥ 3 and let F = |y|φ(|x|, <x,y>|y| ) be a spherically symmetric Finsler
metric on Mns . Then F is of scalar curvature if, and only if, φ(r, s) satisfies
R2 := 2Q(2Q− sQs) + 1
r
(2Qr − sQrs − rQss) + (r2 − s2)(2QQss −Q2s) = 0.(2.5)
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Lemma 3. [11] Let F = |y|φ
(
|x|, 〈x, y〉|y|
)
be a spherically symmetric Finsler on Mns , then
F has constant flag curvature K if, and only if,
R1 = Kφ
2;(2.6)
R2 = 0;(2.7)
R3 = 0.(2.8)
The above result was improved in [15]. Moreover, they also proved the theorem below.
Theorem 5. [15] Let F = |y|φ(r, s) be a spherically symmetric Finsler metric on Mns ⊂ Rn
(n ≥ 3). Then F is of constant flag curvature K if, and only if,
R2 = 0, R3 = 0.
3. Proof of Main Results
Here we use the characteristic method to obtain the general solution of the so called
transport equation (cf. [13]) with nonconstant coefficients
(3.1) ψr(r, s) + v(r, s)ψs(r, s) = P (r, s, ψ(r, s)).
Note that (3.1) can be written as ~v · ∇ψ = P , where ~v = (1, v) and ∇ψ = (ψr, ψs). We
can describe this equation as follows: we are seeking for a surface z = ψ(r, s) in which
the directional derivative of ψ, in the direction of the vector ~v, is equal to P (r, s, ψ). This
interpretation leads us to a method to solve (3.1).
Curves (r,X(r)) in the (r, s) plane that are tangent to ~v are called characteristic curves.
It follows that the characteristic curve passing through (r, s) = (r0, c) is the graph of the
function X that satisfies
(3.2)
dX
dr
= v(r,X(r)) in which X(r0) = c.
Defining the value of ψ along the characteristic curve (r,X(r)) by Ψ(r) := ψ(r,X(r)),
we have
(3.3)
d
dr
Ψ = ψr + vψs.
Thus, the value of ψ along a characteristic curve is determined by
(3.4) Ψ′ = P (r,X(r),Ψ(r)).
The solution of (3.4), with initial data Ψ(r0) = ψr0(c), determines the value of ψ along the
characteristic curve that intersects the (r0, s)-axis at (r0, c), because Ψ(r0) = ψ(r0, X(0)) =
ψ(r0, c). The surface z = ψ(r, s) is the collection (or envelope) of space curves created as c
takes all real values.
Next we demonstrate that this method is needed in order to solve an equation of the
form (3.1) which will be useful to prove Theorem 1, Theorem 2 and Theorem 3.
Proof of Theorem 1: First of all, we derive the equation (2.5) to obtain
s
[
(r2 − s2)3/2(Qs − sQss)
]
r
+ (1− (r2 − s2)2Q)r
[
(r2 − s2)3/2(Qs − sQss)
]
s
= 0.
Note that a solution of these equation is
(r2 − s2)3/2(Qs − sQss) = k,(3.5)
where k ∈ R. Hence, solving (3.5) we get
Q(r, s) =
k
√
r2 − s2s
r4
+
c1(r)
2
s2 + c2(r),
where c1(r) and c2(r) are smooth functions.
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Then, replacing Q(r, s) in (2.5) we have
Q(r, s) = k
√
r2 − s2s
r4
+
(
c′2(r) + 2rc
2
2(r)
r(1 − 2r2c2(r)) −
k2
2r4(1 − 2r2c2(r))
)
s2 + c2(r).
Furthermore, if k = 0 then Q(r, s) defines a Douglas metric.
In what follows, we consider c2(r) = 0, k 6= 0, r2 − s2 6= 0 and s 6= 0. Turns out that
applying Q(r, s) in (1.2) we need to solve[
1− (r
2 − s2)
r4
((r2 − s2)− (ks−
√
r2 − s2)2)
]
rψs(r, s) + sψr(r, s) = 0,(3.6)
in which
ψ(r, s) =
√
r2 − s2(φ(r, s) − sφs(r, s)).(3.7)
On the other hand, (3.6) is equivalent to a transport equation
sψr + v(r, s)ψs = 0
ψ(r0, s) = ψr0(s),
where
v(r, s) =
r
s
[
1− (r
2 − s2)
r4
(
(r2 − s2)−
(
ks−
√
r2 − s2
)2)]
.
Considering the characteristic curves (r,X(r)) for the equation above, from (3.2) we get
X ′ =
r
X
[
1− (r
2 −X2)
r4
(
r2 −X2 − (kX −
√
r2 −X2)2
)]
(3.8)
which is equivalent to
r3(r −XX ′)
(r2 −X2)2 = 1−
(
kX√
r2 −X2 − 1
)2
.
By defining
κ(r) = k
X(r)√
r2 −X(r)2 − 1,
we rewrite (3.8) in the following form
(1 + k2)(κ+ 1)κ′
(κ+ 11+k2 )
2 + k
2
(1+k2)2
=
1
r
.
Integrating both therms we obtain the solution X(r) (implicitly) of (3.2):
1
2
ln
(
(1 + k2)κ2 + 2κ+ 1
)
+ k arctan
(
(1 + k2)κ+ 1
k
)
= (1 + k2) ln(r) + k1,
where k1 is obtained from the initial condition of (3.2). The characteristic curve through a
given point (r, s) passing through (r0, s) exists at (r0, c) in which
k1(c) =
1
2
ln
(
(1 + k2)κ2(r, s) + 2κ(r, s) + 1
)
+k arctan
(
(1 + k2)κ(r, s) + 1
k
)
− (1 + k2) ln(r).
Straightaway equation (3.4), with initial condition Ψ(r0) = ψ(c), gives us Ψ(r) = ψ(c).
Then the solution of the initial problem (3.2)-(3.4) is
Ψ(r, s) = ψ (k1(c)) .
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Therefore, we can infer that (1.7) is a solution of (3.6). Thus, any differentiable real
function η of (1.7) is the general solution of (3.6). It follows from (3.7) that
φ− sφs = η(ϕ)√
r2 − s2 .
Finally, we conclude that (1.6) is the general solution of (3.6)-(3.7). ✷
In this part, we prove Theorem 2 and Theorem 3 making use of Proposition 1.
Proof of Theorem 2: We have already established that a Finsler metric F = |y|φ(r, s)
is Douglas type if, and only if, there exist f(r) and g(r) smooth functions of r such that
Q(r) = g(r) + s
2
2 f(r). Thus, replacing this in the equation (2.5) we obtain g(r) 6= 12r2 and
f(r) =
2g′(r) + 4rg2(r)
r − 2r3g(r) .
So, φ must satisfy the ordinary differential equation
1
2r
rφss − φr + sφrs
φ− sφs + (r2 − s2)φss = g(r) + s
2 g
′(r) + 2rg2(r)
r − 2r3g(r) .(3.9)
Now, for r2−s2 > 0 and s 6= 0, (3.9) is equivalent to (2.2), where ψ(r, s) = √r2 − s2(φ−sφs)
and f(r) = 2g
′(r)+4rg2(r)
r−2r3g(r) . Then, from (3.9) we get√
r2 − s2(φ− sφs) = −s2
√
r2 − s2
(
φ
s
)
s
= η(ϕ(r, s)),(3.10)
where
ϕ(r, s) =
r2 − s2
4(r2 − s2)
∫
g′(r) + 2rg2(r)
(1− 2r2g(r)) T (r)dr − T (r)
.
Here η is any smooth real function of ϕ(r, s) and
T (r) :=
e
− ∫ 4rg(r)
1−2r2g(r)
dr
(1− 2r2g(r))2 .
We acknowledge that Yu and Zhu [19] gave a necessary and sufficient condition for F =
αφ(||βx||α, βα ) to be a Finsler metric for any α and β with ||βx||α < b0, where α and β
are, respectively, a Riemannian metric and a 1-form. In particular, considering F (x, y) =
|y|φ(|x|, <x,y>|y| ), then F is a Finsler metric if, and only if, the positive function φ satisfies
φ(s) − sφs(s) + (r2 − s2)φss(s) > 0, when n ≥ 2,
such that
φ(s) − sφs(s) > 0, when n ≥ 3.
Thus, for F = |y|φ(r, s), when φ is given by (1.8), using (3.10) we get
−s√
r2 − s2 (φ− sφ) +
√
r2 − s2(−sφss) = ηs.
Therefore, F defines a Finsler metric if, and only if, the inequalities (1.9) hold. ✷
Proof of Theorem 3: At this point we look for spherically symmetric Finsler metric with
constant flag curvature using Theorem 5.
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Similarly to the proof of Theorem 2, we know that a Finsler metric F = |y|φ(r, s) is of
Douglas type if, and only if, Q(r) = g(r) + s
2
2 f(r). Thus, replacing this in the equation
(2.5) we obtain g(r) 6= 12r2 and
f(r) =
2g′(r) + 4rg2(r)
r − 2r3g(r) .
Writing down R3 = 0, given by (1.4), like P := P (r, s). Then, for r
2 − s2 > 0 and s 6= 0,
R3 = 0 is equivalent to the transport equation (2.2), where ψ(r, s) =
√
r2 − s2(P − sPs)
and f(r) = 2g
′(r)+4rg2(r)
r−2r3g(r) . By Proposition 1 we have,
P (r, s) = s
(
h(r) −
∫
η(ϕ(r, s))
s2
√
r2 − s2 ds
)
such that
ϕ(r, s) =
r2 − s2
(r2 − s2)T (r) − T (r) ,
where h and η are arbitrary smooth real functions.
On the other hand (see proof of Theorem 1.1 in [11]), we define
U :=
sφ+ (r2 − s2)φs
φ
, W :=
sφr + rφs
φ
.
From U and W , we get
φs =
U − s
r2 − s2φ, φr =
1
s
(
W − r(U − s)
r2 − s2
)
φ.(3.11)
Substituting φr and φs into (1.2) and (1.3) we have
P = −QU + W
2r
,
and
Q =
1
2rs
2rU − 2rs− 2r2W + s(r2 − s2)Ws + s2W + sUW
U2 − sU + (r2 − s2)Us .
The two identities above give us
U =
(r2 − s2)(sPs − 2P )− s(1 + sP )
(r2 − s2)(2Q − sQs)− sP − 1 ,
W = 2r
(
P +
(r2 − s2)(sPs − 2P )− s(1 + sP )
(r2 − s2)(2Q− sQs)− sP − 1 Q
)
.
From (3.11), one can see that φ should satisfy

(lnφ)r =
1
s
(
W − r(U − s)
r2 − s2
)
,
(lnφ)s =
U − s
r2 − s2 .
(3.12)
From above, we have
(lnφ)rs =− 1
s2
(
2r(P + UQ)− r(U − s)
r2 − s2
)
+
1
s
(2r(Ps + UsQ+ UQs))
− r
(
Us − 1
r2 − s2 +
2s(U − s)
(r2 − s2)2
)
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and
(lnφ)sr =
Ur
r2 − s2 −
2r(U − s)
(r2 − s2)2 .
The system (3.12) has a solution if, and only if, (ln φ)rs = (lnφ)sr . A straightforward
computation of this gives us
s2Ur = rs(2(r
2 − s2)Q − 1)Us + (r + 2r(r2 − s2)(sQs −Q))U + 2r(r2 − s2)(sPs − P ),
which is the condition (1.11).
✷
4. New families of Douglas and projectively flat metrics with scalar and
constant flag curvatures
In this section, we provide new families of spherically symmetric Douglas metrics based
on Theorem 2 and Theorem 3.
Example 1. Considering g = 0, η(x) =
( √
x
(1−x) 32
)3
+ ǫ
√
x
(1−x) 32
and η = η(r2 − s2) in
Theorem 2 we have
φ(r, s) =
35r10 − 245r8s2 + 490r6s4 − 392r4s6 + 112r2s8 − 140r8 + 700r6s2 − 910r4s4 + 336r2s6
(1 − (r2 − s2)) 72 (1 − r2)(1 + r4 − 2r2)
+
16s8 + 210r6 − 630r4s2 + 350r2s4 + 56s6 − 140r4 + 140r2s2 + 70s4 + 35r2 + 35s2
(1− (r2 − s2)) 72 (1− r2)(1 + r4 − 2r2)
+ ǫ
1− r2 + 2s2
(1 − r2)
√
1− (r2 − s2) .
So, the Finsler metric
F (x, y) = |y|φ(|x|, < x, y >|y| )
defined on B(0, 1) ⊂ Rn is a projectively flat Finsler metric with scalar flag curvature.
The next result presents a family of examples for Theorem 2.
Corollary 2. Consider
φm(r, s) =sh(r)− γ
m∑
i=0
(−1)i
(
m
i
)
r2ier
2
s
∫
s2(m−i−1)e−s
2
ds
+ ǫer
2−s2(
√
πse−s
2
erf(s) + 1), m = 0, 1, 2, . . .
where γ ≥ 0 and ǫ > 0 are real constants, h(r) is any differential function such that φm(r, s)
is positive, erf(x) = 2√
pi
∫ x
0
e−t
2
dt is the Gauss error function (non-elementary). Then, for
any m ∈ N the following Finsler metric on Mns
F (x, y) = |y|φm
(
|x|, < x, y >|y|
)
is a projectively flat Finsler metric with scalar flag curvature. Moreover, F is a projectively
flat Finsler metric.
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Proof. Considering g = 0, η(r2 − s2) = √r2 − s2[(r2 − s2)m + ǫ]er2−s2 , ǫ > 0. Then, the
result follows from Theorem 2 and a binomial expansion of (r2 − s2)m. In fact, the integral
of the right-hand side of φm(r, s) may be expressed by∫
s2(m−1)e−s
2
ds = −s
2m−3
2
e−s
2
+
2m− 3
2
∫
s2m−4e−s
2
ds m = 1, 2 . . . ,
and ∫
e−s
2
s2
ds = −e
−s2
s
[
√
πses
2
(erf(s)) + 1] + c m = 0,
where erf(x) =
1√
π
∫ x
−x
e−t
2
dt is the Gauss error function (non-elementary) and c ∈ R. 
Example 2. Taking m = 1 in Corollary 2 we have
φ(r, s) = sh(r) + er
2−s2 [
√
πses
2
(r2 + ǫ+
1
2
) erf(s) + r2 + ǫ].
Then, the following Finsler metric
F (x, y) = |y|φ
(
|x|, < x, y >|y|
)
is a projectively flat Finsler metric with scalar flag curvature on Mns .
Example 3. For m = 2 in Corollary 2 we obtain
φ(r, s) = sh(r) + er
2−s2 [
√
πses
2
(r4 + r2 + ǫ− 1
4
) erf(s) + r4 +
1
2
s2 + ǫ].
Then, the following Finsler metric
F (x, y) = |y|φ
(
|x|, < x, y >|y|
)
is a projectively flat Finsler metric with scalar flag curvature on Mns .
Considering g(r) = 0, η(x) =
√
x(γxn tanh−1(x) + ǫ) in Theorem 2 from∫
s2(m−1) tanh−1(r2 − s2)ds =− s
2m−3
2
e−s
2
+
2m− 3
2
∫
s2m−4e−s
2
ds, for m = 1, 2 . . . ,(4.1)
and
∫
tanh−1(r2 − s2)
s2
ds =− tanh
−1(r2 − s2)
s
+
tanh−1
(
s√
r2−1
)
√
r2 − 1 +(4.2)
−
tanh−1
(
s√
r2+1
)
√
r2 + 1
+ c for m = 0,
where r > 1 and c is constant, we get the corollary below.
Corollary 3. Let φm(r, s), m ∈ N, be a function defined by
φm(r, s) = sh(r) − γs
m∑
i=0
(−1)i
(
m
i
)
r2i
∫
s2(m−i−1) tanh−1(r2 − s2)ds+ ǫ,
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where γ ≥ 0 and ǫ > 0 are real constants, h(r) is any differential function such that φm(r, s)
is positive and the integral of the right-hand side is given by (4.1) and (4.2). Then, the
following Finsler metric
F (x, y) = |y|φ
(
|x|, < x, y >|y|
)
defined on a symmetric space without the unit closed ball centered at the origin, is a Douglas
metric with scalar flag curvature. Moreover, F is a projectively flat Finsler metric.
Example 4. For m = 0 in Corollary 3 we have
φ(r, s) = sh(r) + γtanh−1(r2 − s2)− γs
tanh−1
(
s√
r2−1
)
√
r2 − 1 + γs
tanh−1
(
s√
r2+1
)
√
r2 + 1
+ ǫ.
Then, the following Finsler metric
F (x, y) = |y|φ
(
|x|, < x, y >|y|
)
is a Douglas metric with scalar flag curvature. Furthermore, F is a projectively flat Finsler
metric.
From now on, we will consider g(r) 6= 0. Inspired by Example 1, in Theorem 2 we consider
ϕ(r, s) =
(r2 − s2)
T (r)− T (r)(r2 − s2)
and
η(x) =
√
x
(1 − x) 32
to determine the following family of examples.
Corollary 4. Let g(r) be a smooth function such that T (r) and T (r) in (1.5) are well
defined and
φ(r, s) = sh(r) +
(T (r)− r2T (r))(T (r) − (r2 − s2)T (r)) + s2T (r)√
T (r)− (r2 − s2)T (r)(T − r2(T (r) + 1))2
,
where h(r) is such that φ(r, s) is positive. Then, the following Finsler metric
F (x, y) = |y|φ
(
|x|, < x, y >|y|
)
is a Douglas metric with scalar flag curvature.
Remark 2. In the last corollary, if T (r) = 1, T (r) = 0 and h(r) = ± 2(1−r2)2 , we obtain the
projectively flat Berwald metric with vanishing flag curvature which was provided in [2]:
F (x, y) =
(
√
(1− |x|2)|y|2+ < x, y >2± < x, y >)2
(1− |x|2)2
√
(1− |x|2)|y|2+ < x, y >2 .
Now, considering in Theorem 2
η(x) =
√−x[(−x)m + ǫ],(4.3)
for ǫ > 0 we have the next two corollaries considering m = 1 and m = 2.
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Corollary 5. Let g(r) be a smooth function such that T (r) and T (r) in (1.5) are well
defined and
φ(r, s) =sh(r) + γ
r2
√
T (r)− T (r)(r2 − s2)
(T (r)− r2T (r))2 + γs
2 T (r)
(T (r)− r2T (r))2
√
T (r)− T (r)(r2 − s2)
+ ǫ
√
T (r)− T (r)(r2 − s2)
T (r)− r2T (r) .
Then, the following Finsler metric
F (x, y) = |y|φ
(
|x|, < x, y >|y|
)
is a Douglas metric with scalar flag curvature.
Example 5. Considering g(r) = 12 and h(r) = 0 in Corollary 5, we obtain T (r) = T (r) =
1
1−r2 , and then
F (x, y) = γ
(1− |x|2)(|x|2|y|2+ < x, y >2) + 2 < x, y >2√
1− |x|2
√
(1− |x|2)|y|2− < x, y >2 + ǫ
√
(1− |x|2)|y|2+ < x, y >2√
1− |x|2
defined on TB(0, 1) is a non-projectively flat Douglas metric with scalar flag curvature.
Corollary 6. Let g(r) be a smooth function such that T (r) and T (r) are well defined, ǫ > 0
and
φ(r, s) =sh(r) +
[
(T (r)− r2T (r))(r2 − s2)]2 − 43s4T 2(r)
(T (r)− r2T (r))3(T (r)− (r2 − s2)T (r)) + ǫ
√
T (r)− T (r)(r2 − s2)
T (r)− r2T (r)
Then, the following Finsler metric
F (x, y) = |y|φ
(
|x|, < x, y >|y|
)
is a Douglas metric with scalar flag curvature.
Considering m = 0 in (4.3) we obtain
φ(r, s) = sh(r) +
√
T (r)− T (r)(r2 − s2)
T (r)− r2T (r) .
The next two examples have this same structure. Here we have some examples considering
m = 3, 4, . . . in (4.3).
Example 6. Considering g(r) = − 1r , η(ϕ) =
√
ϕ in Theorem 2, we have
T (r) = 1, T (r) = −4
r
and ϕ(r, s) =
r(r2 − s2)
r + 4(r2 − s2) .
Assuming those identities in (1.8) we obtain the Finsler metric
F := h(|x|) < x, y > +c
√
|x|2|y|2 + 4|x|(|x|2|y|2− < x, y >2)
|x|(1 + 4|x|) ,
defined on Mns \{0} which is of Douglas type with scalar flag curvature.
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Example 7. Considering h(r) = 0 in the last example we can prove that R3 = 0. Then, the
Finsler metric
F := c
√
|x|2|y|2 + 4|x|(|x|2|y|2− < x, y >2)
|x|(1 + 4|x|)
defined on Mns \{0} is of Douglas type with constant flag curvature K = − 4c2 .
Example 8. Considering h(r) = 2c(1+2r)(1+4r) in Example 6 we can see that R3 = 0. There-
fore, the Finsler metric
F := c
(2|x|+ 1)
√
|x|2|y|2 + 4|x|(|x|2|y|2− < x, y >2) + 2
√
|x| < x, y >
|x|(1 + 2|x|)(1 + 4|x|)
defined on Mns \{0} is of Douglas type with constant flag curvature K = − 1c2 .
Example 9. Considering g(r) = −2, η(ϕ) = √ϕ in Theorem 2, we have
T (r) = 1, and ϕ(r, s) =
r(r2 − s2)
r + 4(r2 − s2) .
Assuming this in (1.8) we can infer that
F := h(r) < x, y > +c
√
1 + 4|x|2
|y|2 + 4(|x|2− < x, y >2)
defined on Mns \{0} is a Finsler metric of Douglas type with scalar flag curvature.
Example 10. Applying the method described after Theorem 3 give us the examples provided
in [11]. In fact, from the same function φ given by Example 6 we can rewrite (see Remark
1) P := φ = h(r)s +
c
√
r(r+4(r2−s2))
r(1+4r) . Thus, from (1.11) and (1.12) we get the following
examples:
F := |y| (2r + 1)
2
(4r + 1)3/2
exp

∫ s
1
±4r(r + 4r2 − 2s2)− 4s(1 + 2r)
√
r(r + 4(r2 − s2))
(r + 4(r2 − s2))
(
±2rs+ (1 + 2r)
√
r(r + 4(r2 − s2))
)ds


and
F = |y|
√
1
4r + 1
± 4
√
r(r + 4(r2 − s2))s
r(2r + 1)(4r + 1)2
− 4(4r
2 + 3r + 1)
r(2r + 1)2(4r + 1)2
s2
defined on Ms\{0}.
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